2019 Practice Mathcounts Solutions

Austin Math Circle

January 20, 2019



Sprint Round
Problem 1. What is the sum of the first five odd numbers and the first four even numbers?
Solution. This is simply the sum of all the integers one through nine, which is . O

Proposed by Jay Leeds.

Problem 2. Shipping a box costs a flat rate of $5 plus $2 for every pound after the first five pounds. How much
does it cost to ship a 18-pound box?

Solution. An 18-pound box has 13 excess pounds, so our fee is 13-$2 + $5 = . O
Proposed by Jay Leeds.
Problem 3. In rectangle ABCD, AB =6, BC = 8, and M is the midpoint of AB. What is the area of triangle

CDM?

Solution. We see that this triangle has base six and height eight, so its areais 6-8/2 = . O
Proposed by Jay Leeds.

Problem 4. Creed flips three coins. What is the probability that he flips heads at least once? Express your
answer as a common fraction.

Solution. There is a (%)3 = % chance that Creed flips no heads, so the probability that he flips at least once heads
is1-1=|7 O
8~ 8 "

Proposed by Jay Leeds.

Problem 5. Compute the median of the following five numbers: A = %, B=4.5,C= 2—53, D=22 and E=4.9.
Write A, B, C, D, or E as your answer.

Solution. We can easily sort 22 = 4, 4.5, and 4.9. Dividing % gives 4.6. After dividing out first two digits in £, we

9
get 4.7, which clearly goes in between 4.6 and 4.9.
Therefore, the median is %, so the answer is . O

Proposed by Josiah Kiok.

Problem 6. Josh wants to buy twenty widgets. Store A sells widgets for $40 apiece, while Store B sells widgets
for $60 apiece. However, Store B is holding a sale: for every widget Josh buys from Store B, he gets an extra widget
free. How much money would Josh save by buying the widgets at Store B instead of Store A?

Solution. At Store B, Josh can get two widgets for $60, so he is paying $30 per widget. Thus, he saves $10 per widget,
a total savings of | $200 |. O

Proposed by Jay Leeds.

Problem 7. A chemist dilutes five liters of 18% acid by adding four liters of water. What will be the concentration
of acid in the resulting solution? Express your answer as a percentage.

Solution. With five liters of 18% acid, we have 5- % = % liters of acid in our solution. Dividing by our nine liters

. . . . 1 _
of solution, the concentration of acid is 0= . O



Proposed by Jay Leeds.

Problem 8. The cost of a dinner was supposed to be split evenly between Wayne, Xavier, Yanny, and Zed.
However, Zed forgot to bring money, so the other three people shared the dinner bill equally among themselves. If
each person had to pay $13 more, how many dollars did the dinner cost?

Solution. Suppose the dinner cost D dollars. Then what was originally supposed to be D/4 dollars is now D/3
dollars, 13 more dollars than before. This gives us the equation

D D
———=13
3 4
The left hand side of the equation can be combined as % - % = % =13, so the dinner cost dollars. O

Proposed by Jeffrey Huang.

Problem 9. Given that 673 is prime, what is the sum of the distinct prime factors of 20190?

Solution. We can easily see that 20190 = 10-2019 = 2-5-2019. Then, the divisibility test for three tells us that
2019 =3-673, s0 our answer is 2 +5+3 +673 =[ 683 | O

Proposed by Jay Leeds.

Problem 10. A miniature magic square is a two-by-two grid of squares such that the four cells contain the
integers one through four, with each digit appearing once, and the two rows and two columns each contain digits
summing to the same number. How many distinct miniature magic squares are there?

Solution. The answer is @ Because the sum of the four numbers is 10 and they will be split into two columns,
each with the same column sum, each column and each row must have sum 5. Then, the number sharing a row
with 1 must be 5 -1 =4, but the number sharing a column with 1 must also be 4, which would require that 4 be in
two places at once. Hence, it is impossible to construct a miniature magic square. O

Proposed by Jay Leeds.

Problem 11. Michael drives at 40 miles per hour on pavement and 20 miles per hour on dirt roads. He takes
one hour to cross a 30-mile road made entirely of dirt and pavement. How many miles of this road are paved?

Solution. Let p be the paved length of the road. Since d = rt (where d,r, and ¢ are distance, rate, and time, re-
spectively), we have that ¢ = %, so writing an equation, we have % + 302—;)’0 = 1. Simplifying, we have 60 — p = 40, so

p=[20] O

Proposed by Jay Leeds.

Problem 12. Renee and Blake are putting red and blue beans into a pot, respectively. Currently, there are 13 red
beans and 31 blue beans in the pot. If Renee wants at least two-fifths of the beans in the pot to be red, how many
more red beans must she put into the pot?

Solution. Suppose that Renee puts in x more red beans, giving 13 + x red beans out of the total of 44 + x beans. By
the problem’s condition, Renee wants:
13+x 2
2 —
44+x 5
65+5x =88+2x
3x=23

1
x=8—-—.
3

Because Renee can only put in an integer number of beans, she must put in at minimum [8 — %] =|8|redbeans. O



Proposed by Nir Elber.

Problem 13. In a round-robin tournament, every team plays exactly one match against every other team. For
each match, either one team wins and the other loses or both teams draw. A team that wins receives 2 points, a
team that loses receives 0 points, and a team that draws receives 1 point. After all matches are played, the greatest
number of points scored by a team is 10 points. What is the greatest possible number of teams that could have
competed in the tournament?

Solution. If T teams play in the tournament, then a total of T(T — 1) points will be awarded, making for an average
of T —1 points per team. A valid method for 11 teams would be to have all the teams draw, earning them all 10
points. If T > 11, then the average number of points per team would be greater than 10, which is not possible if 10 is
the maximum possible score earned for any team. In conclusion, at most teams played in the tournament. O

Proposed by Jeffrey Huang.

Problem 14. What is the remainder when 1+2+3+ .-+ 2019 is divided by 2024?

Solution. We get rid of all the pairs of terms that are divisible by 2024: 5 +2019,6 +2018,7 +2017,---,1011 + 1013.
What remainsis1+2+3+4+1012=|1022 |
Alternate solution. Write 1 +2+3+---+2019 = 20132020 — 5019.1010 = (2024 - 5) - 1010 = —5- 1010 = —5050 =

—-6072+1022 = -3-2024 + 1022 =| 1022 | O

Proposed by Matthew Kroesche.

Problem 15. How many lines are tangent to at least two of the circles shown below?

Solution. There are @ They are shown in the figure below.




Proposed by Matthew Kroesche.

Problem 16. On January 1, Isaac poured 1000 liters of water into a giant beaker. On January N, where N > 1,
Isaac extracted % of the remaining amount of water in the giant beaker. At the end of January, how many liters of
water remain in the giant beaker? Express your answer to the nearest whole number.

Solution. At the end of 31 days, the amount of water remaining in the beaker equals 1000 x % x % X . X g’—? = %,
which is approximately liters. O

Proposed by Jeffrey Huang.

___ Problem 17. Rectangle ABCD is defined such that AB = 4 and BC = 3. Points E and F lie on segments AB and
CD respectively such that AEFD forms a square. Let the intersection of segments EF and AC be X. Find the area
of AAEX. Express your answer as a common fraction.

A E B

X
D F C

Solution 1. For convenience, let e = EX and f = FX. Because AB | CD, we have /EAX = /FCX and ZAEX =
/CFX,so AAEX ~ ACFX. This tells us that:

EX_AE_e AE_ AE _ 3 _
FX CF f CF CD-DF 4-3 "
where AE = DF =3 because AEFD is a square. Thus, f = %e. However, we also know that:
e+ f=EX+XF=EF=3,

once again because AEFD is a square. Plugging in f = %e into e+ f = 3 gives us:

1 9
e+-e=3=>e=—.
3 4

27
Finally, the area of right triangle AAEX is simply % = % = % =5t O

Solution 2. Observe that segments EX and BC are perpendicular to AB (AEFD is a square, and ABCD is a rect-
angle), so we know ZAEX = ZABC = 90°. But obviously, ZEAX = ZBAC, so AAEX ~ AABC by Angle-Angle
similarity. Now, because AAEX ~ AABC, we know that:

)

o= ) =(3) =%
[ABC]  \AB) ~\4) 16

where AE = AD = 3 because AEFD is a square. Additionally, we know that AABC is a right triangle, so its area is
just [ABC] = % = % = 6. It follows that:

9 9
[AEX] = — [ABC]= —-6=| — |,
16 16

which matches the answer found in the first solution. O



Proposed by Nir Elber.

Problem 18. For all real numbers a, b = 0, define the operation a® b as
aob=a+b+2Vab

Evaluate
(- ((1*02%)03%) 04?%)---) 0 19?)

vV (Wa+vb?2+/c

. . 2
applying this formula, the expression we are asked to calculate reduces to (\/1_2 +V2 4t 192) =1+2+--+

Proposed by Matthew Kroesche.

) 2
Solution. Observe that a® b = (\/E + \/E) ,s0 (@aob)oc= = (va+Vb+ /). By repeatedly

Problem 19. A semi-prime is a number that can be written as pq for not necessarily distinct primes p and gq.
Find the sum of all the factors of 1400 that are semi-prime.

Solution. Observe that 1400 = 23.52.7, so all factors will be of the form 2¢-5”.7¢ for nonnegative integers a, b, and
¢. Because we only care about semi-prime factors, the factors we care about turn out to be either squares of primes
or products of two distinct primes. However, we must be a bit careful when summing because 7? is not actually a
factor of 1400. If we naively include 72, we are asked to find:

§=22+5%47242.545.7+7-2. (%)

We are trying to find S — 72. Now, we could run the arithmetic on (), or we can write it as one of the following:

1 1
S= 5((2+5)2+(5+7)2+(7+2)2): 2+5+7)?-2-5-5-7-7-2= 5((2+5+7)2+22+52+72)’
which may be marginally easier. For example, S — 7% = % (142 +22+5%-7%) = % (196 —20) = %(176) = .
Comment: The straight arithmetic is not so bad: We want 22 + 52 +2-5+5-7+7-2=4+25+10+35+14=88. 0O

Proposed by Nir Elber.

Problem 20. Find the probability that a randomly chosen three-digit number ABC with A # 0 satisfies the
equation A = B + C. Express your answer as a common fraction.

Solution. For all three-digit numbers ‘ABC, A, B, and C must be nonnegative integers less than 9, and A must be
greater than 1. This gives 9-10-10 = 900 total three-digit numbers. However, for three-digit numbers satisfying
A = B+ C, notice that for any digits A and B < A, there exists a unique digit C satisfying A = B+ C and thus a
unique ABC satisfying A = B+ C. Thus, we can count the number of “good” ABC by counting the number of B < A
for digits A. At this point, we can run generalized casework on the values of A: If A = k, then there are k + 1 possible
values of B because B €{0,1,2,..., k}. So, the number of three-digit numbers is:

10-11
2 + 3 +...+10 =(1+2+...+494+10)-1=——-1=54.
~— —~— 2
A=l A=2 A=9
. lee s 54 3
The desired probability is thus 555 = w0 O
Proposed by Nir Elber.

Problem 21. Compute the sum of the digits of
9+99+999 49999 + - - - + 99999999999999999999

where the last term has 20 9’s.



Solution. We write this as
10 -1+ (101 +---+10*°-1) = (10" +10% +--- + 10%%) - 20

The first term is simply twenty 1’s followed by a 0, so we keep the first 18 1’s and write the last three digits as 110 —
020 = 090. Thus, all in all, the digit sum is 18-1+9 =[ 27 |. (Written explicitly, this numberis 111111111111111111090.)
O

Proposed by Matthew Kroesche.

Problem 22. Alex is reading a 219-page book. On the first day, he reads 3 pages, and on every following day, he
reads two pages more than the day before. For example, he reads five pages on the second day, seven on the third
day, etc. (He may read fewer than the prescribed number of pages on the day he finishes the book.) How many
pages will Alex read on the final day?

Solution. This is a very slight variation on the classic finite differences problems.

Notice that on any day n, Alex is reading 1+27 pages, so at the end of day n, Alex would have read the following.

3+5+7+...+1+2n=1+1+1+...+1+24+4+6+...+2n

nterms nterms nterms
= n +2(1+2+3...+n)
nn+1
:m((_))
2
=n?+2n.

Experienced problem-solvers may immediately recognize this as an application of summing the first few n odd
numbers, skipping over the 1. In particular, we are able to rewrite the number of pages Alex has read at the end of
day n as

(n+1)*-1.

Observe that Alex on the last day (call it day N) would have read (N +1)? — 1 pages, but it turns out that (N +
1)2 -1 =219, so Alex instead reads (N + 1) — 220 > 0 pages on that day. The smallest value of N that makes this
value positive is N = 14, so indeed, (14 + 1)2 — 220 = 5 is the number of pages Alex doesn’t read on that day, so
2-14+1-5= is our answer. (After N = 14, Alex should have read 152 — 1 = 224 > 219 pages and so has already
finished the book, so N = 14 is indeed the day that Alex finishes the book.) O

Proposed by Nir Elber.

Problem 23. Raymond writes a three-digit number and its reverse, neither of which have leading zeroes, on a
blackboard. (For example, 148 and 841 are reverses of each other.) Edward calculates the sum of the two numbers
Raymond has written, and finds that it is equal to 1534. What is the smallest possible value of either of the numbers
Raymond could have written?

Solution. If one of Raymond’s numbers was ABC = 100A + 10B + C, then the other was CBA =100C+ 10B + A,
and so their sum is 101A+20B+101C = 101(A+C) +20B = 1534. Thus, the units digit of this expression is the same
as the units digit of A+ C, which is 4. Since A+ C < 9+9 = 18, we see that A+ C is either 4 or 14, and if it’s equal
to 4, the sum is at most 404 + 20 -9 = 584 which is too small. Thus A+ C =14, and 10114 +20B = 1534 = 20B =
1534 - 1414 =120 = B = 6. Then the smallest positive integer with A+ C =14 and B = 6 occurs when C =9 and
A =5, so the answer is . Sure enough, 569 + 965 = 1534. O

Proposed by Matthew Kroesche.

Problem 24. In a dice game, Albert rolls an eight-sided die numbered with the integers from one to eight while
Josiah rolls a ten-sided die numbered with the integers from one to ten. Whichever of the two rolls a higher number
wins the game. If both of them roll the same number, they roll again until one of them wins. What is the probability
that Albert will win this game?



Solution. Albert wins whenever he rolls a number and Josiah rolls a lower one. If Albert rolls a one, there is no way
he could win on that roll. If he rolls a two, there is one way he could win (if Josiah rolls a one). If Albert rolls a three,
there are two ways he could win: Josiah must roll one or two. This continues until Albert has seven ways to win if
he rolls an eight. Hence, 28 rolls lead to a victory for Albert.

Now, we consider how many rolls will end the game. There are 80 possible rolls in total, but 8 of them lead

7
to ties, so there are 72 game-ending rolls. Hence, our answer is %—g = T

probability should be a little under one-half, so this answer seems plausible.

. As a quick check, it seems that Albert’s

Alternative Solution. We split into three cases. First, Albert and Josiah could roll two different numbers that are
both at most eight. There are seven numbers Josiah could roll to give this result no matter what Albert rolls, so this
happens % of the time. In this case, Albert’s number will be higher half the time, so Albert wins on % of rolls and

loses on another 70. Second, Albert and Josiah could tie, which clearly happens % of the time. Finally, Josiah could

20
roll a nine or a ten, which happens % of the time.
Then, let p be the probability Albert wins. We now know that p = % + %, because on each roll, Albert wins %

of the time and has a % chance of forcing a reroll, which keeps his probability equal to p. Solving this equation

ives p = ! O
gIVeSp=17 8l
Proposed by Jay Leeds.

Problem 25. On Mars, there are four types of coins: yellow coins, which are worth six cents, and red, green,
and blue coins, which are each worth one cent. How many different sets of Martian coins are worth twenty cents
in total? (Two sets are different only if they contain different numbers of some colored coin.)

Solution. We do casework on the number of yellow coins. If there are y yellow coins, then we need to select 20 — y

22-6
red, green, or blue coins. By the Hockey Stick Identity, there are ( 9 y) ways to do so.

Hence, since y can be any number zero through three, our answer is:

22\ (16) (10| (4
(2)+(2)+(2)+(2):231+120+45+6=

Proposed by Jay Leeds.

Problem 26. Let x = 0.201920192019.... We construct a real number y so that the n'™ decimal place of y is the
n!™ decimal place of x. Compute y. Express your answer as a common fraction.

Solution. Construct the sequence “d,” such that dy =2,d, =0,d> = 1,d3 =9 and d,, = d;; mod4 SO that we can
write x = 0.dod; ds ... We can see that the n* decimal place of x is d;,—1, so the n!'™ decimal place of x is dj—1. It
follows that

y=0.dy-1da1d31-1dy-1d5-1de1-1 . ...

Notice that for k = 4, we know that k! -1=0-1=3 (mod 4), so dy—; = d3 = 4. Thus, we can fully write out y:

y =0.dyd, dsdsdzds ... = 0.2009.

201

Thus, 1000y =200+ 3 =201, 50 y = T000 |




Proposed by Nir Elber.

Problem 27. Call an integer squareful if it can be written as the sum of some (not necessarily distinct) perfect
squares greater than 1. Compute the largest positive integer which is not squareful.

Solution. By the Frobenius Coin Theorem (also known as the Chicken McNugget Theorem), the greatest number
that cannot be expressed as the sum of 4 and 9 is 4-9 —4 —9 = 23. Therefore, the answer is at most 23. The only
square other than 4 or 9 that’s less than 23 is 16, but since 16 = 4 -4, adding sixteen is equivalent to adding four four
times, so it won't give us any new options to construct 23. Therefore, there is no way to express 23 as the sum of
squares greater than one, so is the largest number that is not squareful.

O

Proposed by Nir Elber.

Problem 28. A semicircle is inscribed in isosceles A ABC such that the center lies on AB and the semicircle is
tangent to both other sides of the triangle. Given that the AB = AC =5 and BC = 6, find the radius of the semicircle.
Express your answer as a common fraction.

A

C B

Solution. Let the center of the semicircle be I, and let its radius be r. Call the points of tangency to BC and AC be
D and E respectively. Observe that for tangency reasons, ID 1 BC and IE L AC. It follows that:
AC-IE BC-ID 5r 6r 1lr

[AABC] =[AAICI+[ABIC] = 2 + 2 > + 2 5 (%)

where [AXY Z] denotes the area of AXY Z. Thus, it stﬁces to find the area of AABC, doable without Heron’s
because AABC is isosceles. Indeed, let the midpoint of BC be M, so AM L BC because AABC is isosceles. Now,

AM =V AB2—BM2=+/52-32=4

because AAMB is a right triangle. It follows that [AABC] = & C'ZAM = 62;4 = 12. Comparing this with (), we know

24
Lr=12s0r=|—|
11
Comment: This problem is really an exercise to see if students understand the A = rs formula; the calculation of
[AABC] should be routine. O
Proposed by Nir Elber.

Problem 29. Point J lies in the interior of square ANDY such that AJ =8 and JD = 4. Compute the least pos-
sible integer value for the area of square ANDY.

Solution. Triangle AD]J hasits third side AD as the diagonal of ANDY. We want to minimize the length of AD since
the area is simply ATDZ, but we cannot make it too low because point J must remain inside the square. Specifically,
the smaller we make AD, the bigger angle ZAD] gets, until eventually it hits 45°, at which time J moves across
side DN. At the instant when this happens, the square has side length s. By the Pythagorean Theorem, we have
AN?2+NJ2 = AJ? = %2+ (s—4)%2 =82 This quadratic simplifies to 2s2-85-48=0 = s2—4s—24 =0. Then



by the quadratic formula, s = 4£V16+96 V126+96 =2+2V/7. (The + must be a + so that s will be positive.) Then the area
of square ANDY is s® = 4+ 28+ 81/7 = 32 + /448. Since 21? < 448 < 222, the least integer area bigger than that is

32+22=[54]
Y A

Proposed by Matthew Kroesche.

Problem 30. In the following addition problem, each letter represents a distinct nonzero digit. Compute the
least possible value of the four-digit number M AT H.

A U § T I N

+ M A T H
2 0 1 9 0 O

1 9 8 2 6

+ 1 7 4
2 0 1 0 0

Solution. We start at the right and work our way left. First we have that N+ H = 10, because 0 is too small and 20
is too large. Thus a 1 is carried into the tens column, so 1+ I+ T ends in 0. Then I+ T =9 because 19 is too big.
So a 1 is carried into the hundreds column, and then 1 + T'+ A ends in 9. So T + A = 8 because 18 would require
T = A=9. Then nothing is carried into the thousands column, and so S+ M is 11, because 1 would require one of
S, M to be zero, and 21 is too large. Then U+ 1 endsin0,so U =9,and A+1endsin2,so A=1. Since T+ A=38,
T =7, and since I+ T =9, I = 2. All we have left, then, is S+ M = 11 and N + H = 10, and the digits we haven't
used are 3,4,5,6,8. Thus we need N, H = 4,6 in some order, and S, M = 3,8 in some order. To minimize the value
of MAT H, we choose H =4 and M = 3, so our answetr is .

Comment: This is still the answer if we ignore the restraint that all digits must be nonzero, but it just makes it
slightly harder to show that it is the answer. O

Proposed by Matthew Kroesche.

10



Target Round

Problem 1. When exposed to the sun, a sample of a certain liquid becomes 20% smaller every hour. After how
many whole hours will the volume of the sample first drop below 10% of its original size?

Solution. After one hour, the volume of the sample is 0.8 of its original value. After two hours, the sample reaches
0.64 of its original size. Continuing along similar lines, after ten hours, the sample’s volume is just 10.7% of its
original value, so it drops below 10% after hours. O

Proposed by Jeffrey Huang.

Problem 2. Spinners A and B are constructed, as shown, so that the radii drawn in Spinner A are sides of a
regular pentagon, and the radii drawn in Spinner B are sides of a regular octagon. If both arrows are spun, what
is the probability that exactly one of them lands in its spinner’s shaded region? Express your answer as a common
fraction.

Spinner A Spinner B

Solution. The angle of a regular pentagon is 108 degrees, so the probability of landing in the shaded region is

308 = 3. The angle of a regular octagon is 135 degrees, so the probability of landing in the shaded region is 335 = 3.

3

3 15,21 _36_| 9 0
10

5,7 .3_15 9
*gT10X8 8080 "8 |5

The probability of landing in exactly one shaded region is

Proposed by Jeffrey Huang.

Problem 3. In triangle ABC, points D and E are on side AB, point F is on side BC, and point G is on side AC.
Additionally, EF is parallel to AC and DG is parallel to BC. If angle ADG has measure 63°, while angle BEF has
measure 82°, find the measure of angle ACB.

A

C F B

Solution. Because DG is parallel to BC, we have that angle EBF is equal to 63°. Moreover, we have that /BFE =
180° — /BEF — ZEBF = 180° — 145° = 35°. Then, because EF is parallel to AC, we have that /ACB = /BFE =

35° |, O

Proposed by Jay Leeds.

Problem 4. The base —4 representation of 23 =2- (—4)%2 +3-—-4+3is 233_,. Find the base -3 representation of
23.

11



Solution. We do casework on the number of digits in 23_3. The maximum three-digit base —3 number is 2- (—3%) +
0-—3+2 = 20, so we'll need more digits than that. (~3)° is negative, so the fourth digit doesn’t help, but the fifth
digit will add (—3)* = 81, which might help us. We note that the last four digits will never change the magnitude of
the total by more than 81, so the first digit needs to be a 1. Similarly, we conclude that the next digit needs to be a
2, to bring our running total down to 81 + 2. —27 = 27. Now, we need to construct a —4 with the final three digits.
The next digit, a 9, is positive, so we don’t add any of those. The next digit, —3, is negative, so we add two of those
to bring our running total to 21, since the final value, 1, is positive. We need to add 2 ones to get to a total of 23, so
our answer is . Checking shows that this is equal to 81 — 54 — 6 + 2 = 23, so this indeed works. O

Proposed by Jay Leeds.

Problem 5. Carol the Curator is counting coconuts in her cubic closet. Each coconut is a unit cube, and her
closet’s length, in units, is an integer /. She tries putting the coconuts in three long rows, each with dimensions
1 x 1 x [, but she finds that she has 29 coconuts left over. She then fills the entire floor of the closet, which has
dimensions 1 x [ x [, with coconuts, only to find that she still has one coconut remaining. How many coconuts is
Carol counting?

Solution. Let the number of coconuts Carol is counting be ¢ and the side length of her cubic closet be s. The
problem gives the following system:

c—3s=29
c=s2+1

Plugging in for c in the second equation tells us:

3s+29=5%+1
0=s’-3s—-28
0=(s=7)(s+4),

and because Carol’s room has a positive side length, s = 7 units. Thus, ¢ = S2+1=7%+1= . O

Proposed by Nir Elber.

Problem 6. A “substring” of a positive integer n is any group of consecutive digits of n. For example, 1, 23,
and 123 are substrings of 123, but 13 is not. Find the largest positive integer with distinct digits such that all of its
substrings are prime numbers.

Solution. For convenience, let the largest number be 7. Obviously, all substrings of length 1 in 7 are individual
digits, so each digit of » must be prime: 2, 3, 5, or 7. Because n has distinct digits, we know »n has four or fewer
digits. Consider the primes 2 and 5: Any substring of length greater than 1 ending in 2 or 5 will be divisible by 2 or
5 respectively and so not be prime. Thus, if one of 2 or 5 occur in 7, then it be the first digit of n so that there is
no substring of length greater than 1 ending in 2 or 5. Observe that both 2 and 5 cannot occur in n because both
cannot the first digit; thus, » is not four digits long.

If n has three digits, n must contain the digits {3,5,7} or {2,3,7} because 2 and 5 cannot occur simultaneously.
However, the digit sum of first triplet is 15 = 3- 5, and the digit sum of the second triplet is 12 = 3 -4, so no matter
how those groups of digits are arranged in 7, n itself (which is a substring) will be divisible by 3 and so not be prime.

Finally, we try n that have two digits. Testing two-digit numbers composed of distinct primes, 75 is the largest
but obviously fails; however, 73 works. We conclude that is our answer. O

Proposed by Nir Elber.

Problem 7. In a unit cube ABCDEFGH, a single slice is made across the midpoints of AB, AD, and AE to form
two solids. What is the volume of the larger solid, in cubic units? Express your answer as a common fraction.

12



E

Solution. We instead compute the volume of the smaller solid, which we compute using the pyramid volume

formula. The volume of the smaller solid is the area of the base, which is é, times the height, which is %, then

[47]
48

divided by 3, which equals ﬁ. Hence, the volume of the larger solid is cubic units. O

Proposed by Jeffrey Huang.

Problem 8. At the Slightly Pointless Ultimate Regional Smackdown (SPURS), there are 100 contestants, num-
bered 1 through 100. The contestants all take a 30-problem test, with problems numbered 1 through 30. For each
m and n, the probability that contestant m solves problem 7 is . (All these probabilities are assumed to be
independent.) What is the probability that every contestant solves at least one problem on the test? Express your
answer as a common fraction.

m(n—-1)+60

Solution. The probability that contestant m does not solve problem n is =, —

contestant m does not solve a single problem on the entire test is

. Thus, the probability that

60 m+60 29m+60 60 2
m+60 2m+60 30m+60 30m+60 m+2

Then the probability that contestant m solves at least one problem is 1— ﬁ = 5. Finally, we find the probability
that every contestant solves at least one problem. This is

123 100 1.2 1 1

3'2°5 102 101-102 101-51 |5151

Proposed by Matthew Kroesche.
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////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
//
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



Team Round

Problem 1. The average temperature of aring in degrees Fahrenheit is twice the temperature in degrees Celsius.
The average temperature of the ring is how many degrees Celsius? (The temperature F in degrees Fahreinheit
satisfies the equation F = gC + 32, where C is the equivalent temperature in degrees Celsius.)

Solution. Using the formula F = %C + 32, we find that %C +32 =2C, giving %C =32, giving C = degrees. O

Proposed by Jeffrey Huang.

Problem 2. Triangle ABC is inscribed in a circle with AB as a diameter. Given that minor arc BC has measure
130°, find ZABC.

Solution. Since AB cuts off an arc of 180° (because it is a diameter), we conclude by the inscribed angle theorem

that Z/C =90°. Similarly, since BC has measure 130°, we conclude that ZA has measure % =65°. Hence, /B =
180° —90° - 65° =| 25° | O

Proposed by Jay Leeds.

Problem 3. On his first three tests in a class, Robert earns grades of 70,80, and 90 points. After Robert takes a
fourth test, the median of his four grades is m. Given that m is an integer, what is the sum of the possible values of
m?

Solution. In a set of four data points, the median is the average of the second and third values. Let g be Robert’s
fourth test score. If g < 70, the median will be 75, and likewise, if g > 90, the median will be 85. If 70 < g < 90, 80
and g will be the middle values, so the median is 802+ £ This can take on any of the integer values between 75 and

85. So, our answer is the sum of the integers from 75 to 85, and it is easy to see that this is a set of eleven numbers
averaging 80, so our answer is . O

Proposed by Jay Leeds.

Problem 4. When Samantha’s teacher asked her to compute the least common multiple of n and 20 — n for a
given integer n, she computed the least common positive factor instead. Given that Samantha’s answer was 50 less
than what is should have been, compute the largest possible 7.

Solution. Obviously, the least common factor between any two integers is 1, so the least common multiple of n
and 20 — n is actually 1 + 50 = 51. We know that, by definition of the lcm, n and 20 — » must be divisors of 51, and
because 51 = 317, the only possible divisors of 51 are 1, 3, 17, and 51.

More or less, we are now looking for divisors of 51 that sum to n+ 20 — n = 20. Just looking at the divisors (or by
quick trial-and-error), we know that only (#,20 — n) = (3,17) or (17, 3) will work, which give n = 3 or n = 17. Thus,
the largest possible 7 is . O

Proposed by Nir Elber.

Problem 5. How many rectangles can be formed in the following grid, given that all rectangles have vertices at
the intersection of 2 grid lines and sides parallel to grid lines as well?

Solution. We begin by completing the grid and will finish with complementary counting.
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We will now use complementary counting. To count the number of rectangles in the grid, we remark that any
rectangle is uniquely defined by choosing 1 pair of horizontal grid lines and 1 pair of vertical grid lines. Thus, there
are

total rectangles. Now we count the number of rectangles using the red line in order to subtract them out. Observe
that using the red line forces the rectangle to use that horizontal grid line but also the leftmost vertical grid line;
else the rectangle will miss that grid line. Thus, we really only have choice about the second grid line in each pair;
that is, there are

4-4=16.

rectangles that use the red line. We conclude that our answer is 100 — 16 = rectangles. O

Proposed by Nir Elber.

Problem 6. Every day, the probability of no rain in Rain Land is g times the probability of rain. If the probability
ofrainis y, and g + y =9, on any day, what is the probability that Rain Land will be raining? Express your answer
as a decimal to the nearest thousandth.

Solution. We only need to solve for y. Notice that if y is the probability of rain, then 1 — y is the probability of

1-y _ yz—y+1

no rain. Then 5 =4 s0q+y= 1—7y +y= = 9. Multiplying both sides by 9, we get y*> —y+1 = 9y, or

y? - 10y +1 = 0. Solving for y, we find that y = 5+ 2y/6. Since y must be in the interval [0,1], we must have

y =5-2v/6. Hence, y is approximately| 0.101 |. O
Proposed by Jeffrey Huang.

Problem 7. Jay can buy two bagels and one muffin with exactly twenty silver coins. Kevin can buy one bagel
and two muffins with exactly three gold coins. Together, they can buy five bagels and seven muffins with exactly
eleven gold coins and four silver coins. If a gold coin is worth n times as much as a silver coin, compute n.

Solution. Let b and m be the cost of a bagel and a mutffin, respectively, in silver coins. Then
2b+m=20

b+2m=3n
5b+7m=02b+m)+3(b+2m)=20+9n=11n+4
2n=16 = n=|8]

Proposed by Matthew Kroesche.

Problem 8. Regular hexagon SHIFAN has area 1. Compute the area of the intersection of triangles ASH and
FIN. Express your answer as a common fraction.
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Solution. Let O be the center of hexagon SHIFAN. The area of the intersection is contained within equilateral tri-
angle ANO, which has area é. Triangles SAN and FAN are each isosceles, with two 30° angles and one 120° angle.
Then since ZANO = ZNAO =60°, NF bisects ZANO and AS bisects ZNAO. Thus, since ANO is equilateral, AS
is the perpendicular bisector of NO and NF is the perpendicular bisector of AO. So the area is the region of ANO
that lies on the same side of the perpendicular bisectors of NO and AO as O, which is equivalently the set of points
1| L
67118

in ANO that are closer to O than any other vertex. This is % of the area of ANO, which is thus % .

Proposed by Matthew Kroesche.

Problem 9. In the sequence a;, a, as, ..., the term a,, is equal to 0. N, where N is written as exactly the positive
integer N with the digits in that order (no leading zeros). What is the greatest possible positive value of a;,,+2019— a5
less than 0.2019 over all positive integers n? Express your answer as a decimal to the nearest ten-thousandth.

Solution. If n and n + 2019 have the same number of digits, then the result is going to 0.2019 multiplied by a
nonnegative integer power of 0.1. The largest of those values less than 0.2019 is 0.02019.

Across all one-digit integers n, adding every time we increment z by 1, we increment a;2019 by 0.0001 and a,,
by 0.1, making our desired difference smaller. Hence, the largest possible difference is 0.2020 — 0.1 = 0.1020. For n
a two-digit integer, our optimal difference is 0.2029 —0.10 = 0.1029. For three-digit integers, our optimal difference
i$0.2119-0.100=10.1119.

Otherwise, n contains at least 4 digits, and the only scenario in which n and n+2019 have a different number of
digits is if n+2019 has exactly one more digit than 7. In each of those cases, incrementing n+2019 by 1 increments
an+2019 by a power of 10 that is less than the power of 10 we increment a,, by when we increment n by 1. Hence,
we would like to minimize 7 in these cases to maximize the difference a;2019 — a;. This happens when n+2019 is
a power of 10. We would then have a;12019 = 0.1, but if a,, < a,+2019, then a;, must have its tenths digits be 0, but
N cannot have leading zeros. It follows that if 7 + 2019 has exactly one more digit than » for n large enough, then
Qn+2019 — dp < 0.

Examining everything we have worked through, it follows that the largest possible value of a,42019 — ay, is

[Gito) -

Proposed by Jeffrey Huang.

Problem 10. A class of 7 distinguishable students taking a math test is ordered randomly in a line. Matthew
knows the answers to half of the questions, and Jeffrey knows the answers to the other half. Three other students
cheat by copying answers from students to their left or right, and the last two students answer nothing. If cheaters
only cheat off of Matthew, Jeffrey, and other cheaters, compute the probability all cheaters score perfectly. Express
your answer as a common fraction.

Solution. Label Matthew by an M, Jeffrey by a J, the cheaters by C;, C;, and Cs, and the students who answer none
by N1 and N. In this way, we can describe all seatings; for example, N; JC,C1MC3 N, is such an arrangement. Be-
cause students are distinguishable, there are 7! such arrangements. It now suffices to count the arrangements in
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which the cheaters get a perfect score.

We claim the cheaters get a perfect score iff there is a continuous block of all C; bordered by M and J.

First, this is sufficient. If a block of C; is found between Ml and J (C; C, in N; JC,C;MC3N5>), then those C; will
get a perfect score: From one side, Matthew’s answers will propagate across the block, and the reverse happens on
the other side with Jeffrey’s answers.

Second, this is necessary. If any C; is found outside such a block (C; in Ny JC,C;MC3N»), then that C; will be
unable to receive all of the answers because answers can't pass through M and J. (Answers from J cannot pass
through M to C3 in Ny JC,CiMCs N,.) Additionally, if a string of C; between M and J is discontinuous/interrupted
by an Nj (MC3N;C;C2JN>), then no C; can receive all the correct answers because answers from M and J can't
pass through N; and N». Thus the string of C; must be continuous and bordered by M and J.

Thus, it suffices to count all strings that contain a continuous block of all C; bordered by M and J. Counting
this is reasonably straightforward: There are 3! ways to arrange the C;, 2 ways to place M and J around the block
(M first or J first), and 3! ways to arrange the block and the N;. So, the probability all cheaters get a perfect score is

3231 62 1
77 7-6:5-4 7-5.2°

We conclude that the probability that all cheaters get a perfect score is sufficiently small: . Don't cheat.

Remark: While the rigor in the solution is annoying, the idea is not that complex. O

Proposed by Nir Elber.
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